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Abstract
Spin-dependent deconfined interaction in the QQ¯ system is derived
from the field correlators known from lattice and analytic calculations.
As a result hyperfine splitting is found numerically for charmonium,
bottomonium and strangeonium in the range Tc ≤ T ≤ 2Tc. Spin-
orbit interaction due to magnetic correlators (the Thomas term) is
able to produce numerous QQ¯ bound states with accumulation point
at M = mQ +mQ¯. Possible influence of these effects on the thermo-
dynamics of quark-gluon plasma is discussed.
In honor of A.Di Giacomo on his seventieth birthday.
1 Introduction
The Spin-Dependent Interaction (SDI) in the QQ¯ system is being studied for
the last three decades [1]-[12] for heavy qurkonia in the confinement phase.
The first estimates of SDI [1, 5] essentially exploited perturbative expansion
and nonperturbative SDI appeared in the form of the Thomas term [2]. In
the general approach [3, 4] using 1/Mq expansion for heavy quarks, four
spin-dependent static potentials Vi(r), i = 1, 2, 3, 4 are expressed through
connected field correlators.
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In this approach perturbative expansion of correlators reproduces per-
turbative part of Vi(r) while the nonperturbative part can be obtained only
from lattice simulations, done by several groups [6, 7, 8].
In the Field-Correlator Method (FCM) [9] (see [10] for a review) the
SDI potentials have been obtained using 1/Mq expansion in [11, 12], in the
form containing only Gaussian correlators D(x), D1(x), and allowing for
immediate check of Gromes relation [4]. The nonperturbative component
of Vi(r) is calculated directly through D(x), D1(x) and the Thomas term
naturally appears as asymptotics at large distances. Extensive and thorough
lattice calculations of correlators D(x), D1(x) done by the Pisa group [13]
have made it possible to determine numerically all 4 potentials Vi.
The first comparison of resulting spin splittings of charmonium and bot-
tomonium levels was done in [14] and has shown a good agreement of lattice-
based potentials, with experiment. At the same time spin-orbit splittings
were found to be sensitive to the behaviour of field correlators D(x), D1(x)
at small x.
In [15] a detailed analysis was done of SD potentials, obtained from field
correlators in [11], as compared to the definitions of Eichten-Feinberg-Gromes
(EFG) [3, 4]. In the latter case SD potentials Vi are not shown to satisfy
Gromes relation [4], and analysis of [15] has demonstrated the difficulties
arising in this respect for the lattice-defined Vi [6, 7].
It was understood later [16], that the same set of SDI potentials Vi(r)
can be obtained without the 1/Mq expansion, using cluster expansion of
gluonic fields for quarks of arbitrary mass mq and in this case instead of
quark masses mq, there appear in Vi(r) the so-called einbein masses µq, with
effective average values 〈µq〉 playing the role of constituent masses calculated
through mq and string tension σ.
This approach works well in the confinement phase for meson [16] and
baryon [17] states of light and heavy quarks, when SDI can be considered
as corrections, see e.g. the analysis [18] for light scalar mesons, and [19] for
heavy quarkonia.
The inclusion of chiral dynamics (where SDI is crucial) needs modification
in the formalism, and instead of SDI potentials one considers in this case the
effective Lagrangians, as in [20], and the huge mass splitting between ρ and
π is obtained as the chiral nonlinear amplification of the standard hyperfine
SDI.
So far so good for the zero temperature QCD. For T > 0 there ap-
pears a first change in SDI namely one must distinguish colorelectric and
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colormagnetic correlators, contributing to Vi(r), since instead of two Gaus-
sian correlators D(x), D1(x) one has for T > 0 four independent correlators:
DE(x), DH(x), DE1 (x), D
H
1 (x) and it was agrued in [21, 22, 23] that only one
of them vanishes for T > Tc. These correlators have been found numerically
on the lattice [24], and the original expectation was confirmed, that the cor-
relators do not change significantly for T ≪ Md, where Md is the dilaton
mass of the order of 0++ glueball mass, Md ∼ 1÷ 1.5 GeV. Moreover it was
shown in [24] that indeed only one of correlators, DE(x) vanishes exactly at
T = Tc.
Already at this stage one can show that all four SDI potentials are ex-
pressed through magnetic correlators, and only one SDI term is due to the
colorelectric correlator, contributing to spin-orbit force.
The situation becomes even more interesting for T > Tc, where the main
colorelectric correlatorDE(x), ensuring confinement, disappears but all other
correlators stay intact.
In this case all four SDI potentials should change only slightly above Tc
and ensure the spin splitting of levels of the same type as it was below Tc.
Of special interest is the Thomas term, which is doubled in magnitude (due
to disappearance of colorelectric static force ε(r)) and is dominant at large
distances. It is argued below in the paper, that the spin-orbit Thomas term
can create infinite number of bound QQ¯ states with the accumulation point
near 2MQ.
2 Spin-dependent interaction in the qq¯ sys-
tem
For the quark-antiquark Green’s function ( of both light and heavy quarks)
one can use the Fock-Feynman-Schwinger Representation (FSR) [25] with
the kernel containing vacuum fields and quark spin operators in the form
[11, 16]
〈Wσ(x, y)〉 = 〈exp ig
∫
dπµν(z)Fµν(z)〉 =
= exp
∞∑
n=1
(ig)n
n!
∫
dπ(1)...
∫
dπ(n)〈〈F (1)...F (n)〉〉, (1)
where
dπµν(z) = dsµν(z)− iσµνdτ (2)
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Here dsµν is the surface element, while dτ is the proper time integration,
which can be connected to usual time t via dτi =
dti
2µi
[16]. The spin-spin
interaction can be obtained from (1), (2) keeping only quadratic (Gaussian)
correlators 〈FF 〉,
exp

−12
∫ s1
0
dτ1
∫ s2
0
dτ2g
2
〈(
σ
(1)B σ(1)E
σ
(1)E σ(1)B
)
z(τ1)
(
σ
(2)B σ(2)E
σ
(2)E σ(2)B
)
z(τ2)
〉
 ,
(3)
and spin-orbit interaction arises in (1) from the products 〈σµνFµνdsρλFρλ〉
[11, 16].
It is clear, that the resulting SDI will be of matrix form (2× 2)× (2× 2)
( not accounting for Pauli matrices). If one keeps only diagonal terms in
σµνFµν (as the leading terms for large µi ≈ M) one can write for the SDI the
representation of the Eichten-Feinerg form [26]
V
(diag)
SD (R) = (
~σ1~L1
4µ21
−
~σ2~L2
4µ22
)(
1
R
dε
dR
+
2dV1(R)
RdR
)+
+
~σ2~L1 − ~σ1~L2
2µ1µ2
1
R
dV2
dR
+
~σ1~σ2V4(R)
12µ1µ2
+
(3~σ1 ~R~σ2 ~R − ~σ1~σ2R
2)V3
12µ1µ2R2
. (4)
At this point one should note that the term with dε
dR
in (4) was obtained
from the diagonal part of the matrix (m − Dˆ)σµνFµν , namely as product
iσkDk · σiEi, see [11, 16] for details of derivation, while all other potentials
Vi, i = 1, 2, 3, 4 are proportional to correlators 〈HiΦHkΦ〉. One can relate
correlators of colorelectric and colormagnetic fields to DE , DE1 , D
H, DH1 as
follow (see [11], [12])
g2〈Ei(~x1, τ1)ΦEj(~x2, τ2)Φ
+〉 = Nc
[
δij
(
DE(λ, ν) +DE1 + ~u
2∂D
E
1
∂~u2
)
+ uiuj
∂DE1
∂u2
]
(5)
g2〈Hi(x)ΦHj(y)Φ
+〉 = Nc
[
δij
(
DH(λ, ν) +DH1 + ~u
2∂D
H
1
∂~u2
)
− uiuj
∂DH1
∂~u2
]
(6)
g2〈Ei(x)ΦHj(y)Φ
+〉 = −Nceijnunu4
∂DEH1
∂~u2
) (7)
As a result one obtains the following connection between SD potentials and
correlators.
4
1R
dV1
dR
= −
∫
∞
−∞
dν
∫ R
0
dλ
R
(
1−
λ
R
)
DH(λ, ν) (8)
1
R
dV2
dR
=
∫
∞
−∞
dν
∫ R
0
λdλ
R2
[
DH(λ, ν) +DH1 (λ, ν) + λ
2∂D
H
1
∂λ2
]
(9)
V3 = −
∫
∞
−∞
dνR2
∂DH1 (R, ν)
∂R2
(10)
V4 =
∫
∞
−∞
dν
(
3DH(R, ν) + 3DH1 (R, ν) + 2R
2∂D
H
1
∂R2
)
(11)
1
R
dε(R)
dR
=
∫
∞
−∞
dν
∫ R
0
dλ
R
[
DE(λ, ν) +DE1 (λ, ν) + (λ
2 + ν2)
∂DE1
∂ν2
]
(12)
One can check, that the Gromes relation [4] acquires the form
V ′1(R)+ε
′(R)−V ′2(R) =
∫
∞
−∞
dν
[∫ R
0
dλ(DE(λ, ν)−DH(λ, ν)) +
1
2
R(DE1 (R)−D
H
1 (R))
]
.
(13)
For T = 0, when DE = DH , DE1 = D
H
1 , the Gromes relations are satisfied
identically, however for T > 0 electric and magnetic correlators are certainly
different and Gromes relation is violated, as one could tell beforehand, since
for T > 0 the Euclidean O(4) invariance is violated.
To conclude this section, one comment on nondiagonal terms in (3), which
contribute to the total Hamiltonian Hˆ as [26]
Hˆ = H0(µ1, µ2) + V
(diag)
SD 1ˆ11ˆ2 + V
(nond)
SD (γ5)1(γ5)2 + ... (14)
where dots imply terms proportional to 1ˆ1(γ5)2 and (γ5)11ˆ2. It is clear that
V
(nond)
SD has the structure similar to (4) with replacement Vi → V
(nond)
i and
contains terms proportional to electric correlators Eq.(5). E.g. in [26] the
term V
(nond)
4 was found to be
V
(nond)
4 (R) =
∫
∞
−∞
dν
(
3DE + 3DE1 + (3ν
2 +R2)
∂DE1
∂R2
)
(15)
For heavy quarks (and for light quarks in the states, where SDI is repulsive)
the extremal values µ
(0)
i can be found from the minimum of the spinless
5
Hamiltonian H0(µ1, µ2), and in this case SDI gives spin corrections, which
are not large even for light quarks and are in good agreement with experiment
– see [18, 19] for heavy and light quarkonia respectively.
For light quarks in the states with attractive spin-spin interaction the qq¯
Hamiltonian should be taken with the full matrix structure as in (14), and
the stationary values of the quark ”constituent” masses µ
(0)
i should be found
from the minimum of eigenvalues of Hˆ, see [26] for more details. In what
follows we shall consider only diagonal part of SDI, which is essential for
heavy quarkonia.
3 Spin interactions in the deconfinement phase
In the confined phase SDI in terms of field correlators was studied in [11,
12, 15]−[19]. For T > Tc the correlator D
E(x) vanishes, as it was argued
in [21, 22, 23] and confirmed in lattice calculations [24]. This fact leads
to a serious change both in SDI as well as in the spin-independent part
H0 of the total Hamiltonian Hˆ. The latter change was studied in detail in
recent papers [27, 28], where it was shown that in the total static potential
V (R) = VD(R) + V1(R), generated by D
E(x) and DE1 (x) respectively, only
the term V1(R) survives for T > Tc. This term in contrast to the confining
potential VD(R) ∼ σR, R → ∞, saturates at large R and can support
bound states of cc¯ and bb¯ in some interval of temperatures Tc ≤ T ≤ Td,
while bound states dissociate at T ≥ Td. (Td ∼ 2Tc for D
E
1 calculated
analytically in [29], and Td ∼ 1.12Tc for D
E
1 from lattice calculations done in
[24], see [28] for details). All this dynamics is due to colorelectric correlator
DE1 and colormagnetic fields were not taken into account. We now consider
the role of SDI, which is mostly due to colormagnetic fields.
We start with small distances and assume, according to [27, 28, 29] the
following form of DE1 , D
H
1 , D
H
DE,H1 = D
E,H
1 (pert) +D
E,H
1 (nonpert), D
H = DHnonpert +D
H
pert, (16)
where
DE,H1 (pert) =
16αs
3πx4
e−λE,Hx+O(α2s); D
E,H
1 (nonpert,ME,Hx≫ 1) = CE,H
e−ME,Hx
x
(17)
and
DHnonpert(xM0 ≫ 1) = dHe
−M0x, DHpert =
g4
4π4x4
+O(α3s) (18)
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Here CE,H, dH are known constants depending on σH - the spacial string
tension, σH =
1
2
∫
DHnonpert(x)d
2x.
One can easily check in (8-12), that the small distance behaviour of SDI
potentials Vi(R) does not change much, since it is defined by the perturbative
parts of correlators which are little modified when temperature grows above
Tc. The main difference comes at large distances, where according to Eqs.
(8-12) one finds in the limit of large R,
V ′1(R) = −σH , V
′
2(R) =
γH
R
, γH =
∫
∞
−∞
dν
∫
∞
0
λdλDHnonpert(λ, ν) (19)
ε′(R) =
1
2
∫
∞
−∞
dνRDE1 (R)→ 0, V3(R)→ 0, V4(R)→ 0 (20)
where in (20) all three potentials are exponentially small at large R. There-
fore the spin-orbit part of V
(diag)
SD has the form (for equal quark pole masses)
V diagSD (R→∞) = −
SLσH
µ2R
+
SLγH
µ2R2
+O(e−MR). (21)
The first term on the r.h.s. of (21) was quoted (without derivation) in [21],
where it was suggested that being dominant at large R (where V1(R) ex-
ponentially approaches to the constant limit V1(∞)) this term by itself can
support bound states of heavy (and, possibly, light) quarkonia. Indeed, con-
sidering the first term in (21) as a Coulomb-like potential one arrives for
heavy quarkonia (where µ0 ≈ m) to the mass spectrum of bound states for
SL > 0, J = L+ 1,
Mn = 2m−
σ2H
4m3
L2
(L+ n + 1)2
, n = 0, 1, 2, ... (22)
We conclude this section with discussion of hyperfine interaction in the
deconfined phase. As it is seen in (11), V4(R) depends only on D
H , DH1 and
does not change across Tc according to the lattice data [24]. Keeping only
(the dominant) perturbative part of V4, one obtains
Vhf =
8παsσ
(1)
σ
(2)
9µ1µ2
δ(3)(R). (23)
For the hyperfine energy shifts this gives
∆Ehf =
4αs〈V
′(R)〉
9(µ1 + µ2)
(
−3, S = 0
+1, S = 1
)
. (24)
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To calculate 〈V ′(R)〉, one can use the static potential, computed in [27],
[28] both analytically and on the lattice. A rough estimate can be found
from comparison of free static energies found on the lattice (see e.g. [30] and
refs. therein) both below and above Tc (up to T ≈ 1.3Tc), which shows a
close similarity of V ′(R) in both temperature domains. Hence one expects
for Tc ≤ T ≤ 1.3Tc the mass gap between J/ψ and η)c of the same order
as for T = 0, i.e. δE ∼ 0.1 GeV, which roughly agrees with lattice MEM
computations [30].
The situation with hyperfine spin splittings in the light qq¯ system is how-
ever different and cannot be treated by the methods given above, since the
restoration of chiral symmetry at T ≥ Tc needs the effective Lagrangian
technic [20] mentioned above. The physical reason for that lies in the fact,
that for light quarks ∆Ehf Eq. (24), becomes dominant (for µ1 = µ2 ≈ m)
and cannot be treated as a perturbation, and one needs to solve nonlinear
equations for the effective mass operator, given in [20]. This point will be
treated elsewhere.
In summary, we have derived the spin-dependent potentials for the qq¯
system for any temperature T valid in the situation, when spin splittings can
be considered perturbatively.
For 1.3 Tc ≥ T ≥ Tc spin splittings of charmonium and bottomonium are
shown to change little compared to zero temperature case. The color mag-
netic confinement produces the Thomas spin-orbit term, which dominates at
large distances, in absence of colorelectric confinement at T ≥ Tc, and can
possibly support a sequence of bound states. These features demonstrate
the importance of strong interaction in the quark-gluon plasma, which was
advocated in [21]-[24] and supported by explicit calculations in [27, 28] in
agreement with lattice data [30].
This work is supported by the Federal Program of the Russian Ministry
of industry, Science and Technology No.40.052.1.1.1112, and by the grant for
scientific schools NS-1774. 2003.
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